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In this paper we study three-dimensional varieties X in projective space 
x)4, of degree ,u, containing a (p - 2)-ple line and smooth in all other points 
(p > 3). These threefolds are, in a certain sense, the natural generalization 
of cubic threefolds and have been studied classically ([9], p. 46 ff). We 
consider in particular the case ,u=4, i.e. quartic threefolds with a double 
line. A quartic threefold of this kind is a unirational variety and our main 
result (6.3) is that such a threefold is non-rational (provided it is sufficiently 
general; see 1.3 for a more precise formulation). 
Our method of proof is similar to the one adopted in [7] for the proof 
of the non-rationality of the cubic threefold; it depends on the theory 
of Prym varieties of Mumford [4] and is inspired by the fundamental 
paper of Clemens and Griffiths [l]. 
After blowing up the double line we get a certain type of conic bundle 
Y over PZ ; see $ 1. In $ 2-5 we study conic bundles of this type.O) As in 
[6] we investigate in particular the group A2( Y) of those algebraic l- 
dimensional cycle-classes (with respect to rational equivalence) which are 
algebraically equivalent to zero and we show that this group is isomorphic 
to the group of the points of a Prym variety P(n/o), where d is the curve 
in PZ over which the tonics degenerate into two lines, and n is an unramified 
double covering of A. We study also the relation between the polarization 
of the Prym and the cohomology of Y (see 5.10). 
For the case of a conic bundle obtained from a quartic threefold with 
a double line, the curve A is a non-singular curve of degree 8 and hence 
of genus 21. Using Mumford’s results [4] on the singularities of the polari- 
zation of the Prym variety we deduce in 5 6 that such a quartic is non- 
rational. 
0) After completion of the manuscript we have learned that A. Beauville haa 
developed a very extensive and beautiful theory of “fib&s en quadriques”. His 
results are very general and include also the c&se of a quartic threefold with IS double 
line; his methods are related to, but different from ours. (A. Beauville, Vari&& 
de Prym et Jacobiennes IntermBdiairee, Th&e Paris 1977). 
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3 1. THE CONIC BUNDLE ASSOCIATED WITH A THREEFOLD OF DEGREE /4 
WITH A (p- 2)-PLE LINE 
1.1. Let Y be a non-singular threefold defined over on algebraically 
closed field k of characteristic not 2, S a non-singular surface defined over 
15 and f : Y -+ S a morphism. Assume there exists a 3-dimensional vector 
bundle E over S such that: 
(i) Y is a subvariety of the projectivized bundle &3(E). 
(ii) There exists a non-singular irreducible curve d C; S such that: 
a) T$Ll =kf-l(!P)=KT is a non-degenerate conic ; 
b) T E d =+ f-l(T) = Kr= $r u 1; is a pair of distinct lines. 
DEFINITION (1.2). Let f : Y -+ S be as above satisfying conditions (i) 
and (ii), then Y is said to be a conic bundle over S. 
In this paper we will study conic bundles satisfying the extra conditions : 
(iii) There exists a 2-dimensional subvectorbundle F C E such that, 
VT Ed, the line f,,,=P(F)T CX)(E)T is distinct from fk and f;. 
(iv) Let r= {TESIf 0,~ is tangent to the conic Kr}; then: 
a) p is a non-singular irreducible curve ; 
b) BT E d n v, the intersection multiplicity i(d n v, T) is equal to 2. 
1.3. Let X be an irreducible threefold in projective P-space defined 
over an algebraically closed field k of characteristic not 2, having degree 
,u> 3 and containing a line f, of multiplicity ,u- 2. We assume also that 
no point of fo has multiplicity greater than EC-- 2 on X and that every 
point of X- f0 is non-singular. 
Let (x, y, z, u, w) be projective coordinates in x)4; we can arrange that 
fo has equations: 
(1) x=0, y=o, z=o, 
so that X will have an equation of the form: 
(2) 
I 
F(x, y, z, u, v) = aoo(x, y, .W + %&JG y, z)uv + adx, y, z)v2 + 
+2aoz(x, y, z)u+2m2(x, Y, x)v+a22@, y, z)=O, 
with 
aoo(x, y, z), aol(x, y, z), a&c, y, 2) homogeneous of degree ,u- 2, 
a&x, y, z), al&r, y, z) homogeneous of degree ,u - 1, 
U&C, y, z) homogeneous of degree ,u. 
In the following we want to examine some geometric properties of X 
which will be true if X is general enough. More precisely, consider the 
coefficients entering in equation (2) and let PN be the corresponding para- 
meter space. The Proposition ( 1 .17) holds for X in a suitable Zariski open 
set of X)N. However, it is rather laborious to check that all the conditions 
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like (7), (12), (l.lO), (1.12), (1.13), . . . are in fact algebraic. Therefore we 
have limited ourselves to prove (1.17) for X generic, i.e. let ki be a field 
and take in equation (2) independent transcendental coefficients over kr. 
The groundfield k is obtained by adjoining these coefficients to kr and 
taking the algebraic closure. 
1.4. Let us now consider the linear 2-dimensional space (shortly: the 
2-plane) {U = 0, w = 0} in x)4. If L is any e-plane passing through PO and 
T = (5, 7, c, 0, 0) is the point L n {U = 0, v = 0), then L is spanned by f’, 
and T (we write L= span (PO, T)). Therefore, if P= (0, 0, 0, u, v) E to, a 
point & E L is given symbolically by: 
(3) &=P+tT=(tt, tq, tT, zc, v), 
where U, v, t are projective coordinates in L. Substituting in P = 0, we get : 
(4) 
i 
tp-2[aoo(5,~,5)U2+2aol(-)uv+all(-)v2+2CC02(-))Ut+ 
+2a12(-))vt+a22(-)t2]=0, 
so that the intersection X n L consists of lo, given by t = 0, counted ,u - 2 
times, and a conic KT whose equation is: 
(5) 
1 
aoo(E, 9, 5)2C2+2aol(-))uv+all(-))v2+2ao2(-))zct+2CG12(-))Ot+ 
+a22( -)P= 0. 
Note now that the three equations: 
(6) aoo(x, y, x)=0, ao1(x, y, z)=O, all@, y, z)=O 
define in {U = 0, v = 0} (where we use projective coordinates (2, y, z)) three 
curves C, C’, C” of degree ,u - 2 which, if X is generic, will be such that: 
(7) CnC’nC”=p). 
From now on, we will assume that X is generic in this sense, so that 
condition (7) will hold. 
L~mu ( 1.5). There is no 2-plane L through /‘o such that : 
X.L=(p-l)e,+P’. 
PROOF. In fact, this can happen if and only if: 
(8) aoo(E, '1, T)zc2+2aH(t, 7, C)uv+a11(E, q, 5)v2 = 0 
identically in u and v, i.e. if and only if: 
(9) a=o(& 7, C)=O, ao1(E, 9, C)=O, an(t,r, t-)=0, 
so that we would have T E C n c’ n C”, contradicting condition (7). 
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1.6. When does there exist a 2-plane L through ec such that: 
x.L=(pu2)e,+2e ? 
If we put: 
( 
aook, y/,4 fJOl@, y, 2) ao2@, y,z) 
(10) A@, y, z)=det ao1(-) %l( -) al2( - ) 
a02(-) m2(-) ad-) > 
this happens if and only if there exists T E S such that: 
(11) DDE, ‘I, 5)=0, &j=O, 1, 2 
(where At, stands for the complementary minor of %f in A). 
The equation : 
Al@, Y, 4 = 0 
defines a curve in {U = 0, v = 0} which we will denote by C,. If X is generic, 
these 6 curves will be such that: 
From now on, we will assume that X is generic in this sense, so that 
condition (10) will hold. It follows: 
LEMMA (1.7). There is no 2-plane L through (0 such that: 
X.L=(p-2)e,+2e’. 
1.8. Let: 
(13) S= {LIL is a 2-plane through lo}. 
S is a projective e-space. We can identify S with the a-plane N defined 
by equations u = 0, v = 0 in x)4 and we introduce coordinates in S, using 
the coordinates in x)4, as follows: 
T= (5, q, 5) E S 0 T=(t,r, 5, 0, 0) EN. 
Let Lr=span (to, T). We have: 
where KT is a conic. A point in LT has projective coordinates (cf. 1.4) 
(Et, qt, @, u, v) and we can use (u, v, t) as (projective) coordinates in LT. 
The equation of KT will be: 
(14) 
aoo(E, r, c)U2+2~ol(-)uv+all(-)v2+2ao2(-)ut+ 
+ 2a12( - )vt + a22( - )P = 0. 
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The conic KT degenerates if T is on the curve A in 8 whose equation is: 
aoo(t, 7, r) @Id-) aoz(--) 
(15) 4&q, C)=det a01(-) au(-) a2(-) =o. 
ao2(-) @12(-J m2(-) > 
For TEA, we have: 
(16) Lr’X=(/.+2)&l+e;+ e;, 
where f’>, /‘I are lines in Lr which, by lemmas (1.5) and (1.7), are such 
that eO# I&, &,# I;, & # 6 
1.9. The conic KT is tangent to the line e,-, if and only if T is on the 
curve v ( = Css) in 8 whose equation is: 
(17) A22(E, 7, 5)=aoo(5, 7, 5‘hl(E, rl, 5bw> rl, 47=0. 
LEMMA (1.10). If X is generic, 1;7 is a non-singular, irreducible curve 
of degree 2,u-4. 
PROOF. It suffices to consider the particular case when v has equation : 
(18) 7 2"-4=(&d)... (f-orp-25)(5-/x) *a* (E-&25). 
Since X is generic, we will have 
0ltfctj#/G#/3~ (i,j, 1, q=h . . . . p-2; i#j, l#q), 
so that v is non-singular. 
From now on we will assume that X is generic also in this sense, so 
that lemma (1.10) will hold. 
REMARK (1.11). We have 
vnCnC”=CnC’nC”=P), 
for, if T = (5, 7, 5) E v n C n C”, one should have necessarily: 
(19) ao1(6,q, c-)=0, 
so that T E c’, and conversely. 
LEMMA (1.12). If X is generic, A is a non-singular, irreducible curve 
of degree 3,1,-4. 
PROOF. Let T E A, so that KT= (,u - 2)eo+ l’& + ti and let P be the 
point e& n &. There are two different cases: 
Cme 1: 
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Case 2: 
P E eo 
e. 
Fig. 1. 
CASE 1: Let T have coordirmtes (l, 7, 5); since, in this case, T 4 v, 
we will have: 
(20) &z(T)= &2(t, rls Cl+‘). 
The point P will have homogeneous coordinates (~0, wo, to) in LT and, 
since P is the intersection point 1; n &, from equation (14) of the conic 
KT it follows that: 
(21) 
: vo: to)= (Aoo(T): Aol(T): Ao2(T))=(Aol(T): An(T): 42(T))= 
$4 (T)*A (T)*A (T)) 02 . 12 . 22 . 
Since to # 0, we can use in LT non-homogeneous coordinates (u, V) (putting 
t= l), so that P will have coordinates (5, q, 5, UQ, ~0) in J34 with: 
(uo, wo) = (Aoo(T)/~oz(T), Aol(T)/Ao2(T)) = 
(22) = (Aol(T)/&(T), ill/&) = 
= (Aoz(T)/&(T), Az(T)/&dT)) 
and the equation of the conic KT (in LT) will be: 
(23) 
G(u, v) = J’(t, 7, C, U, ~)=~~(T)u~+2ao1(T)uv+a1l(T)~~+ 
+2ao2(T)u+ %~e(T)v+a22(T)=0. 
Now, since P is a double point of the conic KT, it follows that: 
Moreover, from (22) we get : 
15.1 
so that: 
i 
E(P)= $$qT)$=$ +2$(T)gg + 
(25) I 
I 
+ $(T)#+2$T)gq +zh$(T)p& + 
Similarly : 
(26) 
(27) 
Since P E X - [O is non-singular on X, it follows from (24) that one 
at least of the three partial derivatives of F with respect to x, y and z 
does not vanish in P, so that one at least of the three partial derivatives 
of A with respect to x, y and x does not vanish in T. This means that T 
is non-singular on A. 
CASE 2: We have TEA A r, so that, by lemma (l.lO), T is non- 
singular on r ; also, by remark (1.1 l), we can assume that T 4 C, so that : 
WV ma(T) f 0. 
NOW, we can write: 
(29) \ A =az2~22-~12A12+ao2~02= 
i =A22(a22-a~z/ao0)-~00(a12-~01~02/~00)2, 
so that, by evaluating this expression in T, it follows from (28), remember- 
ing that A(T)=&(T)=O, that: 
(30) ~12(T)-~ol(T)aoz(T)/~oo(T)=0. 
Let us now enlarge the groundfield k by adjoining the coefficients of 
the polynomials aoo, ucl, ~02, all, ~12 so to obtain a new field k. The point 
T will then be rational over k and we can assume that T = (0, 0, 1). 
Since T is non-singular on p, it follows that (we use non-homogeneous 
coordinates (E, 7, 1) in 8): 
(31) A22(5, q, 1) =a5 + bq + - - higher terms in t and 7 - -, 
with a#0 or b#O. 
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Moreover, for X generic, the coefficients of (122 will still be transcendental 
over k, ao that we will have: 
(32) 
azz(E, 7, 1)42(5, r], l)/aoo(& 7, l)=c+ 
+ - - higher terms in E and 17 - -, 
with c#O. From (29), (30), (31), (32) it follows that: 
(33) A(E,q l)=c(aE+by)+ --higher terms in 5 and q--, 
i.e. A(E, 7, 1) starts with linear terms in 5 and 7, which means that T 
is non-singular on A. 
This completes the proof of the lemma. 
From now on we will assume that X is generic also in this sense, so 
that lemma (1.12) will hold. 
LEMMA (1.13). If X is generic, for any point T E A n V, we will have : 
(34) i(d n v, T)=2. 
PROOF. Let T = (Es, ~0, 1) E A n r. We know that T is non-singular on 
v and that we can assume that: 
(35) mo(Eo, qo, 1) # 0. 
Look at the branch of r in T; if L is the field obtained by adjoining 
the coefficients of w, aoi, an, the branch can be computed in the field 
Lr =L(h, 70). Moreover, we will have : 
(36) an@, 7, l)=ai&o, ~0, 1) + --higher terms in 5 and 7 - - 
and the coefficients of this polynomial, since X is generic, will be trans- 
cendental over Li. Let now ‘G be a local uniforming parameter of the 
branch of v in T. From the preceding remark, by substituting the ex- 
pression of 6 and 17 in terms of t into (30), we will get: 
(37) tm(t) -a,,l(z)ao2(t)/aoo(t) =&+ - - higher terms in c - - 
with d#O, so that, by substituting the same expressions into (29), we 
will obtain : 
(38) A(Z) =~o(t)d2t2+ - - higher terms in t - -, 
where aoo(t)d2 # 0, which proves that i(d n l7, T) = 2. 
1.14. Let us now blow X up along the line PO. We will get a new 
threefold Y =B/‘,,(X) and a diagram: 
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y=m,(x) 
i A f 
X s 
Prom the construction of B&,(X) it follows at once that: 
(i) if T 4 A, tl(T) =i-f[Kr] is an irreducible conic; 
(ii) if T E A, f-l(T) = i-l[f$] u i-l[&] is a sum of two distinct lines 
(where i-l[- -1 denotes proper transform). 
In the following we will continue to denote by Kr, f’h, Pi the proper 
transforms of these curves. 
We have over S a 3dimensional vector bundle E whose fiber ET in 
the point T E S is given by: 
(39) Er=vector space corresponding to the a-plane Lr=span (PO, T), 
so that, for the projectivized bundle p(E), we will have: 
(40) P(E)T=LT. 
The threefold Y can be considered, in the natural way, as a sub-variety 
of Pm. 
Moreover, if we denote by 40,~ the line to viewed as immersed in Lr, 
we will have a a-dimensional subvectorbundle P of E whose fiber in the 
point T E S is given by: 
(41) 
and : 
P~=vectOr Space corresponding to t&T 
(42) P(P)T = e0.T. 
If, as before, we assume that (1) is the equation for PO and (2) the 
equation for X, we can use as coordinates on Y a bihomogeneous system 
(x, y, z, u, v; E, q, 5) with: 
(43) 2: y: z=t: 7: c, 
so that Y will have equations: 
(44) 
1 
P(x, $4, 2, u, 4 = 0 
2: y: x=E: rj: 5. 
Now, (t, 7, C) can also be used as coordinates in S and the equation of 
KT will be given by (14). 
LEMMA (1.16). If X is generic, Y =Be,(X) is a non-singular threefold. 
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PROOF. Clearly it suffices to look to a point P with coordinates 
(45) P=(O, 0, 0, uo, 1; 50, 70, 1). 
The equations of Y in the open set {v# 0, [# 0} will be : 
( G(z, u, t,q)=aoo(&q, 1)~2+2~ol(-)u+ml(-)f 2ao2(-)zu+ 
(46) 
j 
+2a12(-)z+a22(-)22=0 
x=.25 
\ Y’ZV 
Suppose now that we have: 
(47) 
E(P)=0 
S(P)=0 
T(P)=0 
The point P will be algebraic over the field K obtained by adjoining to 
the groundfield the coefficients of the monomials in ~0, 50, 70 entering in 
the equation (47). Now, in the polynomial G(x, U, 5, q), consider the term 
t(auz+ bu+c). The coefficients a, b, c will enter in bG/bE (P), but not in 
equations (47), so that they are transcendental over K. It follows that 
BG/bt (P) # 0, i.e. P is non-singular on F. 
1.16. We can summarize the results obtained so far in the following: 
PROPOSITION (1.17). Let X C x)4 be an irreducible threefold of degree 
,u > 3 containing a line 10 of multiplicity ,u - 2 and having no more singu- 
larities. We assume that X is generic in the sense specified above. Let S 
be the projective S-space of 2-planes through 10 and Y = BP,(X). There 
exists a 3-dimensional vector bundle E over S and a morphism f: Y --f S 
such that Y C X>(E) and Y is a conic bundle over S satisfying conditions 
(iii) and (iv) of section 1.1. The plane curves A and V have respectively 
degree 3,~ - 4, 2~ - 4 and are defined by equations (15), (17). The subbundle 
F of E is defined by formula (41). 
PROOF. By lemmas (1.15), (1.12), (1.7), (1.5), (l.lO), (1.13). 
§ 2. A DOUBLE COVERING OF Y 
Let Y a conic bundle as in definitions (1.2) satisfying moreover con- 
ditions (iii) and (iv) of section 1.1. On the surface S we will take in the 
following local coordinates (l, 7). 
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2.1. Let: 
(48) S’={(T, R)IT E S, R E to/p (7 KT}. 
We have a projection Q : S’ + S defined by: 
(49) e(T, R)=T. 
S’ is a double covering of S; if RI, Rz are the two intersection points of 
Kr and f’s,r, the two points of S’ over the point T E S are (T, RI) and 
(T, Rz). Consider the diagram: 
Y L Y’=Y XSS 
Diagram I 
where A’=,+(A). 
For T E S, consider the conic Rr in the plane X)(E)r. Let (u, v, t) be 
homogeneous coordinates in X)(E)T. We can assume that f’s,r has equation 
t=O. We still have an equation (14) for KT (where the coefficients at3 
depend now on the local coordinates (l, q) on S). The equation of A is 
(15) and the equation of V is Ass(E, 7) = 0. (cf. (17)). V is clearly the 
rarni$cution divisor for Q. For KT n es,r we get the equation: 
(50) aoo(E, q)u2+ 2ao1(5, q)uv+ a11(E, qbJ2 = 0 
hence RZ = (u, v, 0) with : 
(51) 
where : 
u: v=(-w(E,q) f /q: aoo(t, 11) 
(52) 82” &(5, 7) --%Ml(t, y)all(t, 7) = -A22(5, q). 
We can therefore use (non-homogeneous) coordinates (t,q, 8) and (52) 
will be the equation of S’ in these coordinates. 
REMARK (2.2). Note that S’ is biregular with Y n p(F), but we prefer 
not to see S’ as immersed in p(E). 
LEMMA (2.3). S’ is a non-singular surface. 
PROOF. Follows from the fact that V is non-singular. 
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LEMMA (2.4). The only singularities of the curve d’ are ordinary 
double points. 
PROOF. Let T’ E A’ and T=e(T’) E A. There are two cases to take 
care of. 
CASE 1: T$V. 
Then d’/d is unramified and since A is non-singular we have also d ’ 
non-singular at T’. 
CASE 2: TEV. 
We can assume that T = (0, 0). We have KT= f’k u & and the ilIter- 
section point P of /‘& n i’k will belong to Po,~, so that we may assume 
that f’b has equation u = 0 and & has equation u + 2t = 0. The equation 
of KT is: 
(53) 
1 
mo(~,~)U2+2aol(-))uw+all(-))v2+ 2aoz(-)ut+2a12(-)wt+ 
+a24 -)P=O; 
if we put: 
(54) 
(55) 
and evaluate equation (53) at T, we obtain: 
(56) afu2 + 24&w + c&v2 + 2a:zut + 2aynvt + a&P = 0. 
Therefore the above assumption implies that: 
(5’) a&#O, a&#0 and a$=0 otherwise 
and we may assume that: 
(68) C&=&=1. 
Remember now that, by condition (iv) A and V are tangent to each 
other in the point T = (0,O). We can arrange that 6 = 0 is the equation 
of the common tangent line to d and V in T. 
The equation of V is: 
(59) 
t 
A22(5, q)=Qo(5, q)m1(5, rl)-&(5, q)= 
= (1+ &o(& q))41(5, q) - &12(&q) = 
=&(E, ?j) +&I(& ?j)&(5,~) -G(& q) = 0, 
and we can always assume, after a change of variables, that: 
(60) &I(& q)=O, &(E, q)=[. 
Let us now write: 
(61) c&I(~,~)=u~+~~+ --higher terms in 5 and q-- 
(62) a;~([, q) =cE + dq + - - higher terms in l and q - - 
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so that, taking care of (57), (58), (60), we will have: equation of V: 
(63) 
-422tt, q)=5-a;#, q)=l-(af+by)2+ 
+ --higher terms in [ and q-- =O; 
equation of A : 
1 Q+bq+... 1+... 
(64) NE, q)=det a6-tbq-t . . . 6 ct+aq+... = 
1+... @+$I+ . . . z > 
= -6 f d(2b - d)q2 i- a& +&c? + - - higher terms in [ and 7 - - = 0, 
where dr and dz are coefficients we do not need to take care of. Solving 
now [ from equation (63) we obtain : 
(65) E = ba$ + - - higher terms in q - - 
and substituting in (64) we get: 
(66) -(b--4272+ --higher terms in q--- =O. 
Since, by condition (iv), we know that i(A n P, T)=2, it follows that we 
must have: 
(67) b#d 
since otherwise the intersection multiplicity would be greater than 2. 
Now note first that, using equation (52) for S’ and the fact that 
A&5,7) =5+ - - higher terms in 6 and 7 - -, we can use /? and 17 as local 
coordinates on 8’. The equations of A’ are (62) and (64) ; so that solving 
5 from (64) we obtain : 
(68) [ = d(2b - a)72 -I- - - higher terms in 7 - - 
and substituting in (52) we get : 
(6% $ = (b --a)‘%72 + - - higher terms in q - -. 
This means, by (67) that T’ is an ordinary double point of A’ and the 
two branches have, in terms of the local coordinates fi and q on s’, the 
equation : 
(‘0) ,8=(b-d)T+ --higher terms in q--- 
respectively : 
(71) /?= -(6-Q+ --higher terms in q---. 
11 Indagationes 
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REMARK (2.5). From the preceding proof we see that the number of 
double points of A’ equals the number of points of A n V. In particular 
for Y =Bi,,(X) from 5 1 this number equals (3~ - 4) (p - 2). 
2.6. On Y’= Y x sS’ we can use coordinates (5, q, 8; u, w, t), where 
([,vJ, ,8) are (non-homogeneous) coordinates on S’. The equations for Y 
are : 
(72) p = -A22O, 11) 
(73) 1 H(& 7; u, v, t) = a&, Tj)@ + Nll( - )uv +a11( - Iv2 + + 2ao2( - )?A + %12( - )wt + a22( - )t2 = 0. 
Let now P' E Y’, P=p'(P'), T =f(P). Introduce the set 8 C Y’: 
(74) @={P'E Y'jT=f-Q'(P')EA n V and P=e'(p')=K~n t'o,~>. 
Geometrically this means that Rr degenerates into Pk and Pi, /‘& and 
f’i intersect on f’o,, in P and P' is a point above P. 
LEMMA (2.7). Let P’ E Y’. Then: 
P' $ A? I=+- P' is non-singular on Y’. 
PROOF. %.nce Y is non-singular, it suffices to restrict our attention to 
P' E Y’ with T =f .e'(P') E V because otherwise e is &ale. If T E V, the 
following possibilities can occur : 
(i) T $ A, i.e. KT is non-degenerate and tangent to f’o,r, and 
P=$(p’) $ e0.T. 
We can use locally for Y’ equations (72) and: 
(75) fq5, 7; u, 0, 1) =o 
so that, solving either d[ or dq from (72) and either du or dv from (75), 
one sees easily that P' is non-singular on Y’. 
(ii) T+A and PEG O,T, i.e. K* is non-degenerate and tangent to PO,T 
in P. 
We can use locally for Y’ equations (72) and : 
(76) w, 7; 21, 1, q=o 
so that, solving either &t or dv from (72) and dt from (76), one sees easily 
that P' is non-singular on Y’. 
(iii) TEA, i.e. KT degeneratea into P& v e”,, i’k n e”, is on PO,r and 
We can use again locally equations (72) and (75) for Y’ and argue in the 
same way as in case (i). 
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LEMMA (2.8). Let P’ E Y’. Then: 
P’ E # I* P’ is an ordinary double point of Y’. 
PROOF. We will make the same assumptions as in the proof of case (ii) 
of lemma (2.4), so that the equations of Y’ will be, putting v= 1: 
(77) 82=-t+(oE+by)2+ --higher terms in E and q-- 
(78) U2+2(a5+by+...)u+E+2(1+...)ut+2(cE+d~+...)t+~2t2=0, 
where the dots in (78) stand for higher terms in t and 7. Remember also 
that b#d and that ~$2 starts with linear terms in t and 7. 
Solve now 6 from (77), getting: 
(79) t= -/?+&$2+ --higher terms in B and q-- 
and substitute into (78). One obtains a polynomial in j?, 7, u, t which 
starts with the following terms of degree 2: 
(80) u2 + 2buy + 2ut + 2d$ + b2rj2 - p. 
This means that P’ is a double point of Y’. To see that P’ is an ordinary 
double point let us calculate the hessian of the quadratic form (80). We 
get: 
(81) 
lb1 0 
b b2 d 0 lb 1 
= - ld 0 0 b b‘J d =(d-b)2. 
0 0 0 -1 
1 d 0 
Since b #d, the hessian does not vanish, so that P’ is an ordinary double 
point of Y’. 
REMARK (2.9). The set A?’ is finite, write a’= {Qr, . . . . QN}. In case 
Y=B{,,(X), we have in fact N=(~,u-4) (p-2). 
REMARK (2.10). If we blow up the points &I, . . ., Qm on Y’, we will 
obtain a new threefold Y and a diagram: 
Diagram II 
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If we take on Y’ coordinates (C, 7, @; U, v, t) and make the same as- 
sumptions as in the proof of case (ii) of lemma (2.4), so that the equations 
of Y’ will be (77) and (78), we can use on P coordinates: 
(82) (5, 7, ,8; ‘&, v, t; 21: /Ll: Yl: El; . . . . jzN: ,uN: VN: EN) 
where 
(33) &: /4clt: v<: q=u: 7: p: t (i=l, *.., iv) 
The exceptional divisor Pg, =fl(Qg) corresponding to the blown up 
point Qf is, for each i = 1, - , m, a quadric surface whose equation (see 
(80)) is: 
(34) A: + 2b;2rq + 2A.w + 2dpgt + b2,d - vt = 0. 
(To be continued) 
